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81'.1"('5' theorelll is liSt'" to 1/IIOllfi/ .. llle impaci uj 
"11('1\' ('rich'lIce" ill tllrt·(! I!II('rgJ'-rt' /ored decisioll 
Jlmh!t·II/.~. rile first IJrolJ/(,1II CO/lCC'I"IIS rfle risk of 
raclif/{/Cfiril,l' rt'l('a.~{' ell/rillg file railroad ,rOIlSIJOr! of 
JIm" Il//("it-ar ji le/. This ltisfory oj"s"if/Illt.'llfs (IIIIS far 
iJ Sltllll'lI ((J make il !tight)' III/like!.l' Illal the 
ift'f//II'II!'.'- of fe/case is Oil tfle urder of JO-J or greoler 
flt'r shilllll('IIl . 

Til,' s('colld all(/ (/iirtl applicatiolls jllL'ull ,t? 

prl'(/iClillg ,itt' ul'oilal1ifiry IJer[ofIllQIIC(' of IIl'W gC'lI

('fal irllls of II/rhillt' b la des. BoyC's' ,!JC'urem is 
c/('lIIflIISrr(l( 'd as a meallS f(}r il/corporalillg ill th" 
prediclinll lit" lilllifed up"raliollal data 011 rIle IIew 
blll(/cs a/ollg wilh fhe' ('x//('ri('lIct! of flit' earli".r 
g('IIt'rufitm /11/(1111(' kllowledg(' of file desigll challges. 

I, INTRODUCTION 

Del"isions malic ill the areas of safety and 
rdiahilitr o fkn have grl'a r impact o n the public and 
pri\"ar~' wl'lfare . Thl'Y :ue also occasionally the subject 
o f mudl ..:orllro\'~·rsy, o ftl'n in la rge measu re because 
the infofln:lIion o n whi ch th ese derisions IlItISt he 
b;lS~·d is illl·olllpktl'. ou td:Hnl. only partia ll y rcll'van t. 
and SUhjl·d [0 \':Iril'd ill ll'rpre[ation . 

In th~'!'l' sit ua t ions. it is use ful 10 hav e a 
syst.'lII:lIi~·. r:l 1i0l1al prOl·C'lllire that l":J1I ili co rporJt e 
all th ..: bils :11ld pk'''::l·S o f l'vidl'ncl'. all t il l' patti:l l1 y 
r\"ll'\·alll (Iala. <ll1d :IIIYlhing. ciS\.' thai is known. into 01 

qU:l11litatil'l' pn:didioll of the s:lJ"e ty or rdia hility of 
the sys km or plan t ill qUl'stiol1, If this procl'dllTl' also 
has a kind of l·(lIwindngnl·ss ahout il 111:11 t:an mov\.' 
thl· va rimls p:Ht i..:s in thl' dir..:: ..: t iol1 o f l·onSl'Jl5US, so 
IIUl l'1! the hdll'r , 

The well-known th eo rem of Bnyes c:Jn be the 
basis for proceullrcs of this so rt. Inueeu, it is exnctly 
for this kind of situation Iha t Bayl.'s' theorl!m W:JS 
dcsignl!d.~ 

The purpose of this paper is to give three reaJ.life 
examples of the application of Bayes" theorl.'lll. two 
concerned with predicti ng the reliabili ty of turbines 
for 100rge power p lOl n ts and o ne with p redictin g the 
s:Jfety ofr:J ilro:Ju tran sporta tion of spent nuclea r fue l. 
We precede the presl'n ta tion of Ih ese exampk's with a 
review. of the meaning of the probabi lity anu a brief 
derivation of Ba yes' theorem. 

II. PRO BAB ILITY 

There is , and has been for a lo ng li me, much 
controversy amollg several schoo ls of thought on 
probabili t y, not:Jbly thl.' so-<:a llt:d "rrcquenlists" :Jnd 
the '·subjec ti vists." In this paper, we would like to 
adop t the a lt i tude th a t the re is no " righ t" ddinition 
of prob<lbility. We need sim pl y to recogniu that 
there ore two different notions here (at lcosl), and if 
we give cuch til l.' dignity of it s own nallll', we call 
avoid further m iscommu ni cat ion. Thus, for ril l' 
purposes of this paper, when we art' ta lk ing abOll( tli ..: 
Illl':Jsurablc results of ;111 experiml.'n t , ni pping coins 
or t:ounl in!; scetlJings, ell:., we usc the work '·frl" 
qucn..::y." The suujccl tha t deals w ith su..::h IlleaSUTl" 
men ts and til l' int e rpre tatio n of SlK h dOl i a we COl li 
"st'ltislics." Whl'll Wl' are talking about a statl.' of 
knOWledge. a slalC' of confidellCl' (whit-h might derivc 
frolll such l11e:ISllTl'Il1Cnts), we lise thl' lerm "llrou:lll il· 
ity ." Th..: sdcn..::e of such stal cs of ..::onfid..:n..:c :l lId 

UW hile the theure m itself is well knuw n , the re is eunsiderabl(, 
misunderstanding uf ~nd o,;llnlruversy ~l>U lll its ~I'I'Jk.Jbility 
tu SilU~liulis of this sull (see, for eX.Jl1Ip!c. Refs . 1 :md ~). 

We hope th~t the ex~mples given here ekaf up SlImc or the 
o,;ontfuyersy. 
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how they rationally change with new infornlation is 
what in this paper we mean by the "theory of prob
ability." 

The best expression of this definition of proba
bility that we know of was given by E. T. Jaynes in a 
short course at the University of California, Los 
Angeles in ) 960. We reproduce it from Jaynes' notes 
as follows: ' 

"Probability theory is an extension of logic, 
which describes the inductive reasoning of an 
idealized being who represents degrees of plausi
bility by real numbers. The numerical value of 
any probability (A/B) will in general depend not 
only on A and B, but also on the entire 

. background of other propositions that 'this being 
is taking into account. A probability assignment 
is 'subjective' in the sense that it describes a 
state of knowledge rather than any property of 
the 'real' world: but it is completely 'objective' 
in the sense that it is independent of the 
personality of th~ user: two beings faced with the 
same total background of knowledge must assign 
the same probabilities." 

To summarize then, probability is a numerical 
expression of a state of confidence, a state of 
knowledge-which may be influenced by statistical 
data, frequency measurements, if available. If not, 
then it is the lack of data that influences ollr state of 
knowledge and that is a reflected in the numerical 
values we assign. 

III. BAVES' THEOREM 

In basic probability theory, P(A) is used to 
represent the probability of the occurrence of event 
A and. similarly, PCB) would represent the probability 
of event B. To represent the joint probability of A 
and B, we use P{AAB), which is the probability of 
the occurrence of both event A and event B. Finally, 
the conditional probability is P(A/B), which repre
sents the probability of event A given that event B 
has occurred. 

From a basic axiom of probability theory, the 
probability of the two simultaneous propositions, 
A and B, is given by , 

p(AAB} = p(A} p(B/A) , 

:1I\d equivalently by 

p(AAB) = p(B) plA/B) 

(I) 

(1) 

Therefore. equating the right sides of Eqs. () and (2) 
and dividing by p(B), we have 

Bayes' Theorem: 

[
P(B/A >] 

p(A/B) = p(A) pCB) (3) 
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which says that p(A/B), the probability of A given 
information B, is equal to p(A), the probability of A 
prior to having infonnation B, times the correction 
factor given in brackets. 

This theorem, as powerful as it is simple, thus 
shows us how our probability, i.e., our state of 
con fidence with respect to A, rationally changes 
upon getting a new piece of information. 

Notice that in the language we have chosen to 
describe this theorem, we have already adopted the 
point of view set out in Sec. II regarding the meaning 
of probability. nlis point of view is the appropriate 
and useful one for the three examples that follow. 

IV. EXAMPLE 1-RAllROAD TRANSPORT OF SPENT 
NUCLEAR FUEL 

This example derives from several federal, and 
state hearings involving the desire of several railroad 
companies to require that spent nuclear fuel be 
transported in so-called "special trains" that consist 
of an engine, a caboose, and the spent fuel car, and 
that are therefore much more expensive than an 
ordinary shipment. 

In support of this desire, the railroads sought to 
show that a shipment of spent fuel is highly 
dangerous and in support of that, argued that the 
record of safe shipments so far achieved is of no 
significance and should have no effect on our state 
of confidence. 

In the course of this line of argument. it, was 
acknowledged that there have been, so far, ..... 4000 
shipments of spent fuel in this country without a 
single release of radioactive material. However, the 
railroad's position was to dismiss this experience, 
pointing out that releases are expected to occur once 
in 108 or 1010 shipments, and that since 4000 is very 
small compared to 108 or 1010, we are in a position 
of "poor actuarial statistics" and will not have 
enollgh statistics to improve that position in any 
reasonably foreseeable future. 

From a Bnycsian viewpoint, the 4000 release"free 
shipments should not be dismissed. They constitute a 
very important piece of evidence. While it is true that 
4000 is infinitesimal compared to 108 or 1010, and 
certuinly true that in our lifetimes we will not amass 
anywhere near enough statistics to distinguish be
tween release frequencies of 10"8 and 10"10, that docs 
not mean we nrc doomed to a position of poor 
statistics, and that the shipping experience we do 
amass will have no evidentiary vallie. Exactly the 
contrary is true. The point is that we do not really 
care whether the release frequency is going to be 10"8 
or 10"10. We want to know whether we can ship our 
spent fud safely. That is, we want to know whether 
the release frequency is going to be on the order of 
10"8 to 10-10 or on the order ) 0"3 to 10"4. With 
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respect to that question, our 4000 release-free 
shipments are very important evidence indeed, as we 
now show. 

Let us suppose that we did not have the evidence 
of the 4000 shipments. And let us suppose that we 
are asked to predict what the frequency will be of 
releases of radioactivity during the shipment of 
spent fuel. Since we do not know this frequency for 
certain, we express our state of knowledge on the 
point by assigning a probability distribution, for 
example, as in Fig. 1. This distribution expresses our 
state of knowledge, our state of uncert"ainty, before 
we have any actual experience in shipping spent fuel. 
Now let us say we have 4000 shipments with no 
releases. How does that piece of information change 
our state of knowledge as expressed in Fig. J? 

To answer, we reason, very straightforwardly, 
as follows: 

Let 

Let 

B stand for the statement "we have 4000 
shipments with no releases" 

A I stand for the statement "the frequency rate 
is 10-3" 

A l stand for the statement "the frequency rate 
is 10-4 .. 

A 3 stand for the statement "the frequency rate 
is 10-5" 

A4 stand for the statement "the frequency rate 
is 10-'" 
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0.2 
0.8 

0.01 I O'r' I 
10·l 10'· 10" lO" 10·' 10" 

FREQUENCY RATE 
RADIOACTIVITY RELEASES PER SPENT FUEL SHIPMENT 

Fig. I. Probability distribution of frequency of releases. 

in which the bracketed quantity is now seen to be 
the correction factor that corrects p(A/) for the fact 
that we now have the evidence B. Equation (5). 
of course, is just Bayes' theorem. Now let us plug in 
our numbers. Consider first AI' If the frequency of 
release were 10-3, the probability of B, Le., of 4000 
release-free trips, would be 

p(B/A I) = (1 - 10-3)4000 = (0.999)4000 = 0.0183. (6) 

Similarly. 

p(B/A 2 ) = (l - 10-4)4000= 0.670 , 

p(B/A3) = (l - 10-5)4000 = 0.961 • 

p(B/A4 ) = (J - 10-6)4000 = 0.996 

pCB/As) = (l - 10-')4000 = 0.9996 • 
~ 

As stand for the statement "the frequency rate p(B/A6) = (1 - 10-8)4000= 0.99996 
is 10-'" . N ow, 

A, stand for the statement "the frequency rate 
is 10-8 •• J . 

With this notation. our probability distribution prior 
to having the evidence B can be written as 

p(A;) , ; = I, 2, ... ,6 . 

After having the evidence B, our distribution becomes 

p(A;/B) , ; = I, ... ,6 , 

which we read as "probability of Ai. given B." 
We seck now to find the Illlmbers p(A;/B) in 

terms of the nUl1lbl!rs P(Ai)' For this purpose, we 
note that 

p(A;/B)p(B)=p(B/A;)p(A;) , (4) 

since both sides e:qual the probability that both A; 
and B are true. Now, dividing Eq. (4) by pCB), we 
have 

rp(9/A;)1 
p(A;lB) = peA;) l p(B) J ' 
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(5) 

6 

pCB) = E p(AI) p(B/A;) = 0.907 , i-. 
and thus our correction factors and new probabilities 
are given in Table 1. 

From this table, we can see quantitatively the 
effect we discllssed qualitatively earlier. The intro
duction of information B has a small effect on our 
.degree of confidence in the propositions A 3• A4• As. 
and A6t increasing these probabilities by -10% and 
doing very little to distinguish among them. On the 
other hand. information B reduces the probability of 
A2 by -26% and virtually demolishes the probability 
of A I' the correction factor in this case being 0.0202. 

In words, if we: have had 4000 release-free 
shipments, it is highly unlikely that the long-term 
release frequency will turn out to be in the 
neighborhood of I in 1000 shipments. Similarly. 
4000 release-free: shipments arc enough to reduce 
substantially our degree of belief that the frequency 
is as high as 1 in 10000 shipments. It is morc likdy 
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TAIlLE I 

Bayesian Calcul:lliun5 

, I 2 3 4 5 6 

A, 10') 10'· 10" 10'6 10" 10" 

p(A;) 0,0 1 0,2 0.4 03 0,08 0.0 1 

p(D/Ai) 0.0 183 0.670 0.961 0,996 0.9996 0.99996 

[p(8/A,) /p(8)[ 0,0202 0.739 1.06 1.098 1.102 1.102 

peAi/O) 0.00020 . 0.148 0.4 24 0.329 0.0882 0.0 11 02 

TABLE II 

, 0 I 2 3 

Frequency, Ai 10'1 10') 10'· IO' S 

peA,) 0.10 0. 15 0.15 0,15 

p(B/A,) 3 x 10'18 0.0183 0.670 0.96 1 

p(Ai)P(O/..J,) 3 x 10"9 0 .OO~7 O.IOOS 0.144 

p(Ai/B ) 4 X 10"9 0.0039 0.144 0,~07 

in light of this r!xpcrience IIll1t the reie<lse rrequency 
will be on the ord er o r I in lOs or less. Thus, our 
expaicncc of 4000 sh ipments is acrua ll y very in fo r
mative, and every shi pment ancl every year that passes 
without accidenta l release will improve our confi
delll:e that spent fuel call be shipped sarely without 
special tra ins. 

In such appJie;Jtions o f B;Jy~'s' theorem as this 
one, the t]lIestions arc always askt'd: Where did yOll 
get lhe prior distribution? What if yOll had chosen a 
differen t one? Sill ce the prio r tlist ribution is simply 
an expression of ollr state of certainty, we ~eI it from 
with in Olrrsl']Vr:S, based 0 11 the lota lit y or alIT 
r!xpcriellcc and judgment. It needs 10 come from no 
o ther pluc~' and Ill'l'll s no other justilicalion. It is 
illilJllinating. hO\Vl'vcr. to observe tl\l' erf~·t,t of a 
tli lTen:nt prior d istribution . So sup pose inst~':Iu of th c 
distribul ion or Fig, I, we had used tht· distribution 
r~'prl'sCl1tcd by Fig. ::!. which reneets u mudl morc 
uncertain Sl:.ltl· o f mind than docs Fig, I, Wc now 
l'xuminc tlt l' errCC! of the ncw infOrlll;Jtion 011 Ihis 
distribution , Table II prcscnts Oll r new sci of 
cail-Il la li ons. The ncw rl'stllts a rc prt:sl'ntcd in Fig, J. 

We obscrvc from Fi:;, 3 that in thc 10's allli abovl' 
rUIl!!C, Ihe d istribution is tl it't'crerH from th;1I in 
Tal~1e I as .. n..'su lt of the different prior. For 10'" and 
below. thc diSlriourion is till' saml', TIlliS, th l ' stury 
!Old by Bayes' thl'orclll is thc sall11' ill both l'aSl'S, 
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4 5 6 7 , 
10'6 10" la" io-9 

0.15 0. 15 0 .10 0 .05 

0 .996 0.9996 0.99996 0.999996 

0.149 0. 150 0,100 0,050 0.696 

0.2 14 0.216 0. 144 0.072 

> 
r 
~ 0.15 0.15 0.15 0.15 

T ~ or o'fO 4 
~ or 0 • ~ 

10" 10 ' 1O' 10" 10 • 10 ' 10" 10 • 

Ai. RELEASES PER SH IPMENT 

Fig. 2. Probability di.mibulion of frequency of rdeases. 

> r 
~ 0.2 
;;; 
4 
~ 0. 1 0 • ~ I [ 

10" 10') 10" 10" 10" 10" 10" 10" 

Fig, 3. Frequen~y of releases. 

Thc e=<pl'ril'm'l' uf 4000 rekasc·frce shipments is not 
su fficicnt to distinguish bl· twl'cl1 rclcasc frequl·IKi .... s 
of IO-s .lntl Icss. HOw .... Vl·r. it is sufficil'nf to 
subst;l11l ially rCd lll"l' our bclicf tha t tilt' fn . .'qucllcy is 
011 thl' onkr of 10,4 :'l1ld virlu;tlly dl'llIolish any bclkf 
that th c frcquency l'ould I)c J 0') or grt·atcr. 
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v. EXAMPLE 2-RELIABILITY OF A SINGLE ROW OF 
TURBINE BLADES 

example of how one can quantitatively assess, or 
predict, the reliability of equipment bases on the 
usually limited data in hand. It is an example of how, 
in developing such predictions, one needs to be 
careful in the interpretation of statistical data so as 
not to reach unwarranted conclusions. 

This example relates to the reliability of a single 
row of blades in a certain category of steam turbines 
for which a design improvement has been imple
mented. This case history shows how the reliability 
has improved with experience and serves as an 

The basic historical data for these blades are 
collected in Fig. 4. For each turbine, the uptimes and 
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.... M DELIVERED DURING CALENDAR TIME 

rum 44,954 
U 

N .... 
CD ........ 
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UUUll IUU , 
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i INDICATES TIME OF INSERTION OF SECOND·GENERATION BLADES 

Fig. 4. Blade railure hislOry versus calendar lime. 
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downtimes are shown plotted against calendar years 
measured from the date of plant commercial op
eration. The numbers written on the "up" or oper
ating parts of the times give the hours of turbine 
service achieved during the calendar interval between 
the two failures bounding the interval. The numbers 
listed by the "down" or forced outage intervals give 
the time to repair for that incident. 

The 18 turbines of this type have experienced a 
total of 20 forced outages due to L-row blade failures; 
19 of these 20 were failures of the original "first
generation" blades. The arrows in the· figure designate 
the time at which the first-generation blades were 
replaced by an improved second-generation design. 
Note that some machines are second generation from 
the beginning of life, while others are entirely first 
generation, never having had their blades replaced. 

V.A. Time to Repair (ITR) 

From Fig. '4, we can abstract several interesting 
types of information. The first is the frequency 
distribution of repair times, shown in Fig. 5. From 
this distribution, the mean TIR (MTTR) is 330 h, 
with the likelihood being ..... 90% that the repair will 
take no longer than 700 h. Fifty-five percent of the 
time, the repair takes <200 h, and so on. 

V.B. Time to Failure (TTF) 

Similarly, from Fig. 4 we can abstract a TIF 
distribution, as shown in Fig. 6. From this distribu
tion, the mean TTF (MITF) is -10500 h. In 
interpreting this curve, it is important to recognize 
that it is based on a small amount of historical data 
and includes the information contained in those 
operating intervals that have not yet been terminated 
by failure. Since the curve is a frequency distribution 
of actual and limited historical data, not a probability 
distribution that reflects a state of confidence, the 
curve in particular should not be interpreted to mean 
that a failure will occur before 70000 h. Tills 
70000 h is merely the largest interval observed thus 
far. 

V. C. Availability 

The preceding subsections have summarized the 
historical performance of this category of turbine 
with respect to TTR and TTF. Now what we are 
ultimately interested in is availability-in particular, 
we wish to know what will be the availability of a 
new turbine of this type that we might buy and 
install now. 

To define this question more precisely, let us 
imagine that we do install such a machine today. and 
let LIS cast our imagination into the future, to the end 
of life of this machine. At that time, someone will sit 
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down with the records and compute the average 
availability experienced by the machine during its 
life. We re fe r to this number as the "future 
lifetime availability." It is a "future-past" kind of 
number. 

Turbine 

I 
2 
3 
4 
5 
6 

7 
8 
9 

10 
11 
12 

13 
14 
IS 
16 
17 
18 

Totals 

1 
2 
3 
4-
5 
6 

7 
8 
9 

10 
) 1 
12 

13 
14 
15 
16 
17 
18 

Totals 

TABLE III 
Unavailability Data 

Forced 
Outage In·Service 
Time Time 
(h) (h) 

Unavailability 
U=) -A 

First-Generation Blades 

)92 71059 0.0027 
0 69713 0 

2832 26538 0.10 
0 23526 0 

408 2) 120 0.020 
0 IS 066 0 

1680 10386 0.14 
1014 8184 0.11 

0 10980 0 
144 9696 Om5 
240 82S6 0.028 

0 1224 0 

0 0 ---
0 0 ---
0 0 ---
0 0 ---
0 0 ---
0 0 ---

6510 275748 0.0236 

Second·Generation Blades 

0 0 ---
0 0 ---
0 38952 0 
0 37794 0 
0 31 104 0 
0 37902 0 

0 38694 0 
0 39792 0 
0 33684 0 
0 23856 0 

96 29328 0.0033 
0 39744 0 

0 32136 0 
0 30504 0 
0 27480 0 
0 10 488 0 
0 7680 a 
0 1 536 0 

96 460674 0.00021 
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Fig. S. Frequency distribution curves for TTR for a single row of blades. 
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Now, what we are interested in, and what we 
seek to do, is to predict today what that future 
number will be. Since this is a number in the future, 
we must, of course, express our prediction in the 
form of a probability distribution, and we must 
include in that distribution all the information, 
evilic!nce, and knowledge that we have at the time we 
make the prediction. That is the best we can do. 

There are three pieces of information we have for 
use in making this prediction. The first is the 
historical availability performance of the first-gener
ation blades, abstracted from Fig. 4, and' summarized 
in Table III. The second is OUr knowledge of the 
design improvements made in going to the second 
generation. The third, and most important, is the 
actual operating experience with second-generation 
blades. As seen in Table III, there has been 460 674 h 
of experience with second-generation blades, and in 
this time there has been only one failure. This is 
extremely important information, but obviollsly we 
cannot simply say that the failure rate is one per 
460674 h. We need a way of incorporating this 
information. 

The proper conceptual tool for this purpose is 
Bayes' theorem. Eq. (3). To apply this theorem to 
our situation, we discretize the unavailability axis 
into definite values Vi. i = I, 2. 3, .... Then, letting 
B stand for the evidence of 460674 h with one 
failure, we write 

_ [PCB/Vj)] 
p(Vj/B) -p(Vj) pCB) • 

where p( Vj/ B) is the probabili ty we assign to the 
proposition that the future lifetime unavailability 
will be V, after we have become aware of the evidence 
B. TIle term p(Vj ) is the "prior" probability that we 
would assign before we become aware of B; p(Vj) 
therefore represents our state of confidence solely on 
the basis of the first-generation history and the 
design changes. 
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To work up to p(Vj ), we first plot the frequency 
distribution of unavailability performance of first
generation blades. Thi$ is done in Fig. 7. With this 
figure as background and using our knowledge of the 
design changes, we then judgmentally assign a prior 
distribution for second-generation blades. This is 
presented as curve CD in Fig. 8. Observe that in this 
curve, we express' our expectation of substantial 
performance improvement but still in the long tail 
allow for the possibility that performance may not 
improve all that much. We shall see what happens to 
this tail when we incorporate the operational evidence 
B. 

To incorporate the evidence B, we need p(B/Vj ), 

the probability that, if the lifetime unavailability were 
truly Vj, we would have experienced one failure in 
460674 h of operation. For this purpose, we use an 
exponential failure model to represent the reliability 
of the turbine. In this model, there is a failure rate Ai' 
related to the unavailability by 

1 V· 
A'=-~ 

1 TI-Vj' 

where T is the MTTR. Then, if T = 460674 h. the 
probability of having exactly one failure in T hours is 

p(B/Uj) = AjTexp(- AiD 

From this relation, and noting that 

pCB) = ~ p(V,) pCB/Vi) • 
I 

we have all we need to use Bayes' theorem. 
The calculations are carried out in Table IV, and 

the results are plotted in Fig. 8 as curve C. We 
observe in this curve that the long tail is thoroughly 
gone. In words. the evidence B is sufficient to 
demolish any belief that the unavailability would be 
higher than, say. 0.005. The probability of being 
higher than this is essentially zero. The expec~ed 
unavailability, the mean of the distribution. is now 

TABLE IV 

i I 

Ui 0.0005 

'A/ (y(l) 0.0133 

P(B/U,) 0.3475 

P(U,) 0.08 

P(Ui)P(B/Uj) 0.0278 

P(Uj/B) 0.3989 

Bayes' Theorem Calc:ulalions for Second-Generalion Blades 

(T= 460674 h = 52.59 yr: T = 330 h = 0.0377 yr) 

2 3 4 5 

0.0015 0.OO:!5 0.0040 0.0080 

0.0398 0.0665 0.1065 0.2004 

0.2581 0.1059 0.0207 0.0003 

0.10 O.I.:! 0.16 0.24 

0.0258 0.0127 0.0033 0.0001 

0.3702 0.1822 0.0473 0.0014 
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down around 0.0014, in contrast to the expected 
v:lIue of 0.0:!3 for the first-generation blades. 

V.D. Recap 

In this example, we have looked at historical data 
and inferred from the data the frequency distribution 
of TIR, TIF, and availability for first-generation 
bladl:s. Since there was only one failure on record of 
second-generation blades, it was not possible to draw 
a frequency distribution. Instead, for this case, the 
inference was mad e using Bayes' theorem and 
presented as a probability distribution against lifetime 
unllvailability. This distribution thus expresses our 
current state of knowledge with respect to the 
availability performance that will be experienced by 
second-generation blades. It is our prediction based 
on all the information available at this time. As more 
experience accumulates, our prediction will change. 

Based on this prediction, the "expected" future 
lifetime availability of second-generation blades is 
0.999 and the probability is essentially 100% that the 
availability will be 0.995 or better. 

Kaplan and Garrick BAYESIAN REASONING 

VI. EXAMPLE 3-RELIABILITV OF A CLASS OF 
TURBINE BLADES 

This example has to do with the reliability of all 
rows of blades in a single style of turbine for which 
there are three blade design generations. For machines 
of the first generation, there is considerable oper.1ting 
experience, including a total of 17 forced outages. 
For second-generation machines, there are 93 296 h 
of service with zero forced outages. For third
generation machines. there is as yet no operating 
experience, although, of course, the design changes 
are known. 

TIle problem is to predict, based on the informa
tion at hand, the lifetime unavllilability of third
generation blades. The fundamental historical data 
are compiled in Fig. 9. Those turbines having
second-generation blades art~ marked by an asterisk: 
the others are first generation. 

Notice that the data we have cover only the first 
portion of life. We have no full-life-span data. 
Moreover, most of the data are for turbines with 
first-generation blades. We have only II small amount 
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of data on turbines with second-gt!llcration bhldes. 
and what we are installing arc turbines with third
generation blades. So, how can we predict the 
reliability of third-generation blades? The answer is 
we do the best we can, lIsing whatever information 
we have and making sllre that the form we choose to 
express our prediction also includes and expresses 
our total state of confidence about that prediction. 
We begin by calculating the frequency distribution 
from the first-generation data. The next step is to 
extrapolate from this distribution \0 a probability 
distribution for second-generation blades, solely by 
judgment based on the design changes made in the 
second generation. 

Next, we incorporate the available experience 
with second-generation blades: 93 296 h with no 
failures. This is done quantitatively lIsing Bayes' 
theo~em. The result is an up-ta-date statement of our 
state of certainty with respect to second-generation 
blades. From here, we must extrapolate to third-

generation blades, again solely by judgment reflecting 
the presumed improvement in reliability due to the 
learning proces~, but also allowing for the possibility 
of some unforeseen bug, always present in a new 
design. 

This procedure is carried out in Table V and 
Figs. 10, I I, and J 2. Figure J 0 is the historical 
frequency distribution of unavailability for turbines 
with first-generation blades. To obtain this figure, we 
write down the blading unavailability experienced by 
each turbine as in Table VI. We next consider each 
turbine as a separate data point and give each data 
point a weighting according to its total hours 
expressed as a fraction of the sum of the total 
hours over all turbines. We can then plot the 
cumulative distribution against unavailability, curve 
<D. fit this to a smoothed curve, C>. and then 
differentiate the smoothed curve to obtain the 
frequency density curve shown as curve CD. 

With this curve as background, we put forth as a 
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Fig. 12. Effect of experimental evidence on probability distributions for second-generation blades. 

prior distribution for second-generation machines the 
curve labeled @) in Fig. I I. This prior is deliberately 
chosen conservatively, that is, only slightly improved 
over the Iirst-gencr.Ition curve. The action of Bayes' 
theorem on this curve is calculatetl in Table V, 
wherein we now use 

p(B/Vj ) = exp(-AjT) , T= 93296 h 

to reflect the fact that we have zero failures in T 
hours. 
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The resulting probability distribution is displayed 
as curve <3> in Fig. 12, with an allocated or "target" 
unavailability of 0.006:!. We observe that the inclu
sion of the 93 296 failure-free hours has a dramatk 
effect on the shape of the probability curve, shirting 
the bulk of the area from the 0.03 to 0.08 range to 
the 0 to O.O:! range. What this tells us is that whik 
93 296 operating hours is not yet enough to give 
total assurance tlla t the allocated unavailabil ity of 
0.0062 can be mct, it is certainly enough to give high 
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TABLE VI 

Unavailability Calculations: First·Generation Blades 

Forced 
Outage. In-Service 
Time Tune Unavailability 

Turbine (h) (h) U= I-A 

I 3336 67706 0.0470 
2 5088 65 141 0.0724 
3 4464 49529 0.0827 
4 2016 48096 0.0402 
5 0 48288 0 

6 0 22104 0 
7 0 27816 0 
8 0 39168 0 
9 0 33384 0 

10 48 32362 0.0015 

11 1608 25 152 0.0601 
12 0 25800 0 
13 0 20856 0 
14 3504 23426 0.1301 
15 1584 23522 0.0673 

16 0 23976 0 
17 672 19648 0.0331 
18 0 9768 0 
19 0 S 808 0 
20 0 4416 0 

Totals 22320 615966 0.0350 

confidence that the unavailability of second-genera
tion blades is <0.02, for instance, and is vastly 
improved over the first generation. I t is seen, 
moreover, that this conclusion is reached in spite of 
the very conservative choice of prior. In fact, that 
choice helps to make the conclusion more evident. 

Curve <S> is thus our current state of certainty 
with respect to lifetime unavailability of second
generation blades. For third-generation blades, we 
have no operating evidence at all at this time. Our 
state of confidence therefore rests mainly on 
improvement already achicved bctween first- and 
second-generation blades. If an equal improvement is 
made between second and third generations, we 
should meet the unavailability target handily. This 
optimism is tempercd with thc thought that the 

. third gencmtion is a new uesign and there may be 
unforeseen problems. We therefore express our state 
of knowledge with respect to turbinc:s with third
gcncration blndcs in curve <ID. This statc or knowledgl! 
indicates that we "expect" to meet our target 
unavailability, although the confidence Icvd in this 
expectation is only moderate at this time. Again . 
this state of knowledge will change as data from 
testing and operation become a\'uihlhl .. :. 
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VII. CONCLUSION 

When questions of risk and reliability arise, they 
arise invariably within the context of a decision in 
which these factors must be traded off against cost, 
benefit, environment, and other factors. To make 
such trade-offs in a rational way and to create at 
least the possibility of a consensus in such decisions, 
it is desirable to quantify risk, reliability, and the 
uncertainty associated with them as completely as 
possible. 

The appropriate framework for such quantifica
tion is the theory of probability, understood as a 
language for expressing states of knowledge based on 
information at hand. Within this theory, Bayes' 
theorem is extremely useful as a way of quantifying 
the effect of new evidence on a preexisting state 
of knowledge. 

We have given in this paper three examples of the 
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use of Bayes' theorem, showing how partially 
complete or partially relevant information can be 
incorporated into a full presentation of a current 
state of knowledge, which can then be input to a 
trade-off decision. We feel these examples demon-. 
strate the effectiveness of Bayes' theorem in this 
regard and in making clear the exact significance of 
the new information. We hope. therefore. that these 
examples will contribute to furthering the cause of 
rationality and explicitness in (especially public) 
decision-making. 
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